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Abstract
The recurrence for sums of powers of binomial coefficients is considered and a lower bound for the
minimal length of the recurrence is obtained by using the properties of congruence.
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1. Introduction
For any r ∈ N = {1,2, . . .} we consider the sums
a(r)n = Sr(n) =
n∑
k=0
(
n
k
)r
, n 0. (1)
These sums have been studied by many authors. Apart from the trivial recurrences for S1(n) = 2n
and S2(n) =
(2n
n
)
, Calkin [1] claims (citing Wilf) that for 3 a  9, there is no closed form for
sr (n). J. Franel [3,4] was the first to obtain recurrences for S3(n) and S4(n), namely
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where for r = 3:
P0(n) = (n + 1)2, P1(n) = −
(
7n2 + 7n + 2), P2(n) = −8n2
and for r = 4:
P0(n) = (n + 1)3, P1(n) = −2(2n + 1)
(
3n2 + 3n + 1),
P2(n) = −4n(4n + 1)(4n − 1).
Franel also conjectured that Sr(n) would satisfy similar recurrences for each r ∈ N, and more
precisely of length [ 12 (r + 3)] and of polynomial degree  r − 1. The existence of such recur-
rences was first proved by R.P. Stanley [7], however without any bounds on the lengths and
degrees. For r = 5,6 M.A. Perlstadt [6] found recurrences of length 4, namely
P0(n)Sr(n + 1) + P1(n)Sr(n) + P2(n)Sr(n − 1) + P3(n)Sr(n − 2) = 0, n 0,
where for r = 5:
P0(n) = (n + 1)4
(
55n2 − 77n + 28),
P1(n) = −1155n6 − 693n5 + 732n4 + 715n3 − 45n2 − 210n − 56,
P2(n) = −19415n6 + 27181n5 − 7453n4 − 3289n3 + 956n2 + 276n − 96,
P3(n) = 32(n − 1)4
(
55n2 + 33n + 6)
and for r = 6:
P0(n) = n(n + 1)5
(
91n3 − 182n2 + 126n − 30),
P1(n) = −n
(
3458n8 + 1729n7 − 2947n6 − 2295n5 + 901n4 + 1190n3 + 52n2 − 228n − 60),
P2(n) = −153881n9 + 307762n8 − 185311n7 − 2960n6 + 31631n5 + 88n4 − 5239n3
+ 610n2 + 440n − 100,
P3(n) = 24(n − 1)3(2n − 1)(6n − 7)(6n − 5)
(
91n3 + 91n2 + 35n + 5).
It was proved by T.W. Cusick [2] that Sr(n) as predicted by Franel actually satisfies a polyno-
mial recurrence of length [ 12 (r + 3)] for all r  1, however, as pointed out by M. Stoll [8], there
is a gap in Cusick’s argument. On the other hand Stoll proved Franel’s by extending Stanly’s
approach.
For 7 r  10 R.J. McIntosh [5] used Cusick’s method to compute such recurrences.
For Sr(n) no lower bounds (r > 2) for the lengths of recurrences have been known (even for
r = 3,4).
In some similar cases it is possible to get lower bounds from the asymptotics of the sequences
(e.g. for Apéry’s sequence). However for the sequence Sr(n) one has the asymptotic formula
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rn
√
r(πn/2)(r−1)/2
,
and since 2r has algebraic degree 1, this does not give nontrivial (r > 2) lower bounds.
Yuan Jin and H. Dickinson [9] found a lower bound for the hypergeometric sums:
a(n) =
n∑
k=0
(
n
k
)r0(n + k
k
)r1(n + 2k
k
)r2
· · ·
(
n + tk
k
)rt
,
where r0, r1  1, and m,r2, . . . , rt are nonnegative integers. The condition that r0, r1  1 make
it more easier to decide the length for the recurrence of a(n) than Sr(n). In this paper a nontrivial
lower bound of the length for the recurrence of Sr(n) is obtained.
We prove the following result.
Theorem. For r  3 and any m 0, there are no nontrivial integral polynomials
p0(n) = c0 + c1n + · · · + cmnm, p1(n) = d0 + d1n + · · · + dmnm,
such that
p0(n)a
(r)
n+1 + p1(n)a(r)n = 0, for n 0. (3)
Before the theorem is proved the congruence properties of Sr(n) defined as in (1) are deter-
mined.
2. Congruence properties of Sr(n)
For any r ∈ N = {1,2,3, . . .}, we consider the sums
a(r)n = Sr(n) =
n∑
k=0
(
n
k
)r
, n 0.
Then the following result holds.
Lemma 1. For any prime p > 2, and any r ∈ N we have
(i) a(r)p ≡ 2 (mod p),
(ii) a(r)p−1 ≡
{
1 (mod p), if r is odd,
0 (mod p), if r is even.
Proof. (i) Since (p
j
)≡ 0 (mod p) for 1 j  p − 1, we have
a(r)p =
n∑
k=0
(
p
k
)r
≡
(
p
0
)r
+
(
p
p
)r
= 2 (mod p).
Y. Jin et al. / Journal of Number Theory 128 (2008) 2784–2794 2787(ii) By repeated application of the formula
(
n + 1
j + 1
)
=
(
n
j + 1
)
+
(
n
j
)
we get
(
p − 1
k
)
=
l−1∑
j=0
(−1)j
(
p
k − j
)
+ (−1)l
(
p − 1
k − l
)
, for 0 l  k,
and in particular
(
p − 1
k
)
=
k−1∑
j=0
(−1)j
(
p
k − j
)
+ (−1)k. (4)
Hence
a
(r)
p−1 =
p−1∑
k=0
(
p − 1
k
)r
=
p−1∑
k=0
{
k−1∑
j=0
(−1)j
(
p
k − j
)
+ (−1)k
}r
≡
p−1∑
k=0
(−1)kr (mod p).
This gives the result. 
Lemma 2. For any prime p > 2, and k, r ∈ N , we have
(i) a(r)kp ≡ a(r)k (mod p),
(ii) a(r)kp+i ≡ a(r)k a(r)i (mod p), for 1 i  p − 1.
Proof. To prove (i) we write
a
(r)
kp =
kp∑
j=0
(
kp
j
)r
=
k∑
j=0
(
kp
jp
)r
+
∑
0j<k,1i<p
(
kp
jp + i
)r
. (5)
For 0 j < k, 1 i < p, we have
pj+1 | (kp)(kp − 1) · · · (kp − (jp + i) + 1) but pj+1  (jp + i)!
so that
(
kp
)
≡ 0 (mod p). (6)jp + i
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(
kp
jp
)
=
∏
0l<j
(k − l)p
(j − l)p
∏
0l<j,0<m<p
kp − (lp + m)
jp − (lp + m)
=
(
k
j
) ∏
0l<j,0<m<p
kp − (lp + m)
jp − (lp + m),
and
kp − (lp + m)
jp − (lp + m) ≡ 1 (mod p),
we have
(
kp
jp
)
≡
(
k
j
)
(mod p). (7)
The claim in (i) now follows from (5)–(7).
For (ii) we use that
(
kp + i
m
)
=
m∑
l=0
(
i
l
)(
kp
m − l
)
, (8)
as follows from the identity
(1 + z)kp+i = (1 + z)i(1 + z)kp.
By (6)–(8) we get
a
(r)
kp+i =
kp+i∑
m=0
(
kp + i
m
)r
=
kp+i∑
m=0
{
m∑
l=0
(
i
l
)(
kp
m − l
)}r
≡
i∑
m=0
(
i
m
)r k∑
j=0
(
kp
jp
)r
≡
i∑
m=0
(
i
m
)r k∑
j=0
(
k
j
)r
(mod p)
= a(r)i a(r)k ,
which proves (ii). 
Note. From Lemma 2 we get, for any prime p > 2 and n = n0 + n1p + n2p2 + · · · + nmpm,
where 0 n0, n1, . . . , nm < p, that
a(r)n ≡ a(r)n0 a(r)n1 · · ·a(r)nm (mod p), for r ∈ N.
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(i) 1
p
a
(r)
p−1 ≡ 1 − r (mod p),
(ii) 1
p
a
(r)
2p−1 ≡ 2 − 4r (mod p).
Proof. (i) Using (4) we get
1
p
a
(r)
p−1 =
1
p
p−1∑
k=0
{
k−1∑
j=0
(−1)j
(
p
k − j
)
+ (−1)k
}r
= 1
p
p−1∑
k=0
{
(−1)kr + (−1)k(r−1)r
k−1∑
j=0
(−1)j
(
p
k − j
)
+ Akp2
}
= 1 + Ap + r
p
p−1∑
k=0
k−1∑
j=0
(−1)k−j
(
p
k − j
)
= 1 + Ap + r
p
p−1∑
l=1
(−1)l
(
p
l
)
(p − l)
= 1 + Ap + r
p−1∑
l=1
(−1)l
(
p − 1
l
)
= 1 + Ap + r((1 − 1)p−1 − 1)
≡ 1 − r (mod p),
where Ak , 0 k < p, and A = A0 + A1 + · · · + Ap−1 are integers.
(ii) Using (8) we get
1
p
a
(r)
2p−1 =
1
p
2p−1∑
k=0
(
2p − 1
k
)r
= 2
p
p−1∑
k=0
(
p + (p − 1)
k
)r
= 2
p
p−1∑
k=0
{(
p − 1
k
)
+
k−1∑
j=0
(
p − 1
j
)(
p
k − j
)}r
= 2
p
p−1∑
k=0
{(
p − 1
k
)r
+ r
(
p − 1
k
)r−1 k−1∑
j=0
(
p − 1
j
)(
p
k − j
)
+ A′kp2
}
= 2
p
a
(r)
p−1 + 2A′p +
2r
p
p−1∑
k=1
(
p − 1
k
)r−1 k−1∑
j=0
(
p − 1
j
)(
p
k − j
)
,
where A′ , 0 k < p, and A′ = A′ + A′ + · · · + A′ are integers. By (4) we havek 0 1 p−1
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p − 1
k
)r−1
= (−1)k(r−1) + pA′′k = (−1)k + pA′′k ,
where A′′k , 0 k < p, are integers, and hence
1
p
a
(r)
2p−1 ≡
2
p
a
(r)
p−1 +
2r
p
p−1∑
k=1
(−1)k
k−1∑
j=0
(
p − 1
j
)(
p
k − j
)
(mod p). (9)
By (4) we have
(
p − 1
j
)
≡ (−1)j (mod p) for 0 j  p − 1,
and hence
p−1∑
k=1
(−1)k
k−1∑
j=0
(
p − 1
j
)(
p
k − j
)
≡
p−1∑
k=1
k−1∑
j=0
(−1)k−j
(
p
k − j
)
(mod p)
=
p−1∑
l=1
(−1)l
(
p
l
)
(p − l)
= p
p−1∑
l=1
(−1)l
(
p − 1
l
)
= p((1 − 1)p−1 − 1)= −p.
From this and (9) and Lemma 3(i) we finally get
1
p
a
(r)
2p−1 ≡
2
p
a
(r)
p−1 − 2r ≡ 2(1 − r) − 2r = 2 − 4r (mod p). 
We are now prepared to prove the following theorem.
3. The proof of Theorem
We shall prove this by induction with respect to m, but we have to distinguish between the
two cases r odd and r even, the first case being the easiest one.
Case (i): r odd. Assume first that there is a recurrence with m = 1, then for any prime p > 2:
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
(c0 + c1p)a(r)p+1 + (d0 + d1p)a(r)p = 0,
(c0 + c1)a(r)2 + (d0 + d1)a(r)1 = 0,(
c0 + c1(p − 1)
)
a(r)p +
(
d0 + d1(p − 1)
)
a
(r)
p−1 = 0,(
c0 + c1(2p − 1)
)
a
(r) + (d0 + d1(2p − 1))a(r) = 0.2p 2p−1
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{
a(r)p ≡ a(r)1 = 2, a(r)p−1 ≡ 1 (mod p), a(r)p+1 ≡ a(r)1 a(r)1 = 4,
a
(r)
2p ≡ a(r)2 = 2 + 2r , a(r)2p−1 ≡ a(r)1 a(r)p−1 ≡ 2 (mod p).
(10)
Hence, for any prime p > 2:
⎧⎪⎨
⎪⎩
(4c0 + 2d0) ≡ 0 (mod p),(
2 + 2r)(c0 + c1) + 2(d0 + d1) ≡ 0 (mod p),
2(c0 − c1) + (d0 − d1) ≡ 0 (mod p),(
2 + 2r)(c0 − c1) + 2(d0 − d1) ≡ 0 (mod p).
It follows that c0 = c1 = d0 = d1 = 0, which proves the claim for m = 1.
Next, suppose that the claim is true for deg(p0)m − 1 and deg(p1)m − 1, then we will
prove it for deg(p0)m and deg(p1)m. Suppose therefore that (3) holds for all n 0, and
in particular for n = p − 1 and n = 2p − 1, where p > 2 is a prime. Then by (10)
{
2
(
c0 − c1 + · · · + (−1)mcm
)+ (d0 − d1 + · · · + (−1)mdm)≡ 0 (mod p),(
2 + 2r)(c0 − c1 + · · · + (−1)mcm)+ 2(d0 − d1 + · · · + (−1)mdm)≡ 0 (mod p).
Since r > 2 this gives
c0 − c1 + · · · + (−1)mcm = d0 − d1 + · · · + (−1)mdm = 0,
which shows that there are integral polynomials p¯0, p¯1, such that
p0(n) = (n + 1)p¯0(n), p1(n) = (n + 1)p¯1(n),
and thus
p¯0(n)a
(r)
n+1 + p¯1(n)a(r)n = 0, for n 0.
By the induction hypothesis p¯0 = p¯1 = 0, so that
c0 = c1 = · · · = cm = d0 = d1 = · · · = dm = 0.
This completes the proof of case (i).
Case (ii): r even. Assume first that
(c0 + c1n)a(r)n+1 + (d0 + d1n)a(r)n = 0 (11)
is a recurrence with m = 1, then for any prime p > 2:
{
(c0 + c1p)a(r)p+1 + (d0 + d1p)a(r)p = 0,(
c0 + c1(p − 1)
)
a(r) + (d0 + d1(p − 1))a(r) = 0.p p−1
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{
4c0 + 2d0 ≡ 0 (mod p),
2(c0 − c1) ≡ 0 (mod p),
so that
c0 = c1 and 2c0 + d0 = 0.
Therefore (11) takes the shape
c0(1 + n)a(r)n+1 + (d0 + d1n)a(r)n = 0. (12)
Inserting n = p − 1 and n = 2p − 1 for any prime p > 2 and dividing by p we obtain
⎧⎪⎪⎨
⎪⎪⎩
c0a
(r)
p +
(
d0 + d1(p − 1)
) 1
p
a
(r)
p−1 = 0,
2c0a(r)2p +
(
d0 + d1(2p − 1)
) 1
p
a
(r)
2p−1 = 0.
By (10) and Lemma 3 this yields
{
2c0 + (1 − r)(d0 − d1) ≡ 0 (mod p),
2
(
2 + 2r)c0 + (2 − 4r)(d0 − d1) ≡ 0 (mod p),
and therefore {
2c0 + (1 − r)(d0 − d1) = 0,
2
(
2 + 2r)c0 + (2 − 4r)(d0 − d1) = 0.
Since r > 2 it follows that c0 = 0 and d0 = d1, and therefore by (12) c0 = c1 = d0 = d1 = 0,
which proves the claim for m = 1.
Next, suppose that the claim is true for deg(p0)m − 1 and deg(p1)m − 1, then we will
prove it for deg(p0)m and deg(p1)m. Suppose therefore that (3) holds for all n  0, and
especially that
{
p0(p − 1)a(r)p + p1(p − 1)a(r)p−1 = 0,
p0(2p − 1)a(r)2p + p1(2p − 1)a(r)2p−1 = 0,
(13)
for all primes p > 2. By Lemma 1 the first equation in (13) shows that
p0(−1) = 0 (14)
therefore
p0(n) = (n + 1)p¯0(n),
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⎧⎪⎪⎨
⎪⎪⎩
p¯0(p − 1)a(r)p + p1(p − 1)
1
p
a
(r)
p−1 = 0,
2p¯0(2p − 1)a(r)2p + p1(2p − 1)
1
p
a
(r)
2p−1 = 0.
By Lemmas 1–3
{2p¯0(−1) + (1 − r)p1(−1) ≡ 0 (mod p),
2
(
2 + 2r)p¯0(−1) + (2 − 4r)p1(−1) ≡ 0 (mod p),
for all primes p > 2, and therefore
{2p¯0(−1) + (1 − r)p1(−1) = 0,
2
(
2 + 2r)p¯0(−1) + (2 − 4r)p1(−1) = 0.
Since r > 2 it follows that p¯0(−1) = p1(−1) = 0, and hence by (14) that there are integral
polynomials p¯0, p¯1, such that
p0(n) = (n + 1)p¯0(n), p1(n) = (n + 1)p¯1(n),
and thus
p¯0(n)a
(r)
n+1 + p¯1(n)a(r)n = 0 for n 0.
By the induction hypothesis p¯0 = p¯1 = 0, so that
c0 = c1 = · · · = cm = d0 = d1 = · · · = dm = 0.
This completes the proof of case (ii).
Note. By the Theorem, the conclusion that the recurrences (2) for a(r)n = Sr(n), r = 3,4, are
Z-minimal can be obtained.
Supplementary material
The online version of this article contains additional supplementary material.
Please visit DOI: 10.1016/j.jnt.2008.03.011.
References
[1] N.J. Calkin, Factors of sums of powers of binomial coefficients, Acta Arith. 86 (1) (1998) 17–26.
[2] T.W. Cusick, Recurrences for sums of powers of binomial coefficients, J. Combin. Theory Ser. A 52 (1989) 77–83.
[3] J. Franel, On a question of Laisant, L’intermédiaire des mathématiciens 1 (3) (1894) 45–47.
[4] J. Franel, On a question of J. Franel, L’intermédiaire des mathématiciens 2 (1895) 33–35.
[5] R.J. McIntosh, Asymptotic and arithmetic properties of recurrent sequences, PhD dissertation, UCLA, 1989.
[6] M.A. Perlstadt, Some recurrences for sums of powers of binomial coefficients, J. Number Theory 27 (1987) 304–309.
[7] R.P. Stanley, Differentiably finite power series, European J. Combin. 7 (1980) 175–188.
2794 Y. Jin et al. / Journal of Number Theory 128 (2008) 2784–2794[8] M. Stoll, Bounds for the length of recurrence relations for convolutions of P -recursive sequences, Mathematisches
Institut Universitat Bonn, 1994, pp. 1–9.
[9] Yuan Jin, H. Dickinson, Apéry sequence and Legendre transforms, J. Aust. Math. Soc. (Ser. A) 68 (2000) 349–356.
